Multireference, scan-based near-field acoustical holography is a useful measurement tool that can be applied when an insufficient number of microphones is available to make measurements on a complete hologram surface simultaneously. The scan-based procedure can be used to construct a complete hologram by joining together subholograms captured using a relatively small, roving scan array and a fixed reference array. For the procedure to be successful, the source levels must remain stationary for the time taken to record the complete hologram; that is unlikely to be the case in practice, however. Usually, the reference signal levels measured during each scan differ from each other with the result that spatial noise is added to the hologram. A procedure to suppress the effects of source level, and hence reference level, variations is proposed here. The procedure is based on a formulation that explicitly features the acoustical transfer functions between the sources and both the reference and scanning, field microphones. When it is assumed that source level changes do not affect the sources' directivity, a nonstationarity compensation procedure can be derived that is based on measured transfer functions between the reference and field microphones. It has been verified both experimentally and in numerical simulations that the proposed procedure can help suppress spatially distributed noise caused by the type of source level nonstationarity that is characteristic of realistic sources.
I. INTRODUCTION
Near-field acoustical holography ͑NAH͒ is a useful tool for identifying noise sources and reconstructing sound fields in a three-dimensional space. 1 The holographic projection and reconstruction process is based on a phase-coherent, spatial wave-field transformation that in turn requires the sound field on the hologram aperture to be fully coherent. However, in many practical cases, the sound field is created by a combination of incoherent or partially coherent sources with the result that the sound field at the hologram aperture is only partially spatially correlated.
When the sound field represents the superposition of fields radiated by incoherent or partially coherent sources, the total measured field must be decomposed into a set of spatially coherent partial fields ͑which are themselves mutually incoherent͒ before application of the holographic process to each of the partial fields in turn. 2 The projected partial fields are then added quadratically on the reconstruction surface to give the quadratic properties of the total field ͑e.g., sound power passing through the hologram aperture͒. When performing a partial field decomposition, reference signals that are linearly related to source signals must be used instead of the ''source'' signals themselves, since in the case of most mechanical and flow noise sources, those signals cannot be directly measured. The number of fixed-location reference transducers must be equal to or greater than the number of incoherent sources to effect the partial field decomposition and to ensure that the quadratic sum of the partial fields accurately represents the quadratic properties of the total field.
Multireference, scan-based NAH as described above was introduced by Hald: 3 that procedure is referred to as spatial transformation of sound fields ͑STSF͒. The latter procedure is based on the use of spectral matrix relations linking the reference and field signals and makes use of pseudoreferences identified using singular value decomposition ͑SVD͒. The STSF procedure can be used to construct a complete hologram by joining together subholograms measured on each scan sector by using a relatively small scan array, provided only that the sound sources are stationary during the complete measurement: i.e., the measured reference spectra should be consistent from scan to scan. However, in practice, source levels vary during a measurement. The effect of field-level variation from scan to scan is to add spatially distributed noise to the hologram. That spatial noise can be reduced to some extent by using long averaging times, and by the application of low-pass wave-number filtering to eliminate high spatial frequencies resulting from discontinuities at the edges of the subholograms. However, the latter procedure cannot effectively eliminate spurious low wave-number components that are generated when the scan array is relatively large in at least one dimension.
To develop a procedure for suppressing source nonstationarity effects, a detailed consideration of the signal and system relations between source, reference, and field data is required.
2 Based on such an investigation, a method to compensate for source nonstationarity is introduced here. The procedure is based on identifying the acoustical transfer functions that should be calculated on a scan-by-scan basis and the cross-spectral matrices that should be averaged across all the scans. It is shown through experiment and simulation that the proposed procedure yields significant benefits in situations when the sources are nonstationary.
II. THEORY

A. General approach to multireference NAH
The theory of NAH is based on the use of the Kirchhoff-Helmholtz integral equation to describe the sound field in a volume that encloses the sound sources. 1 The holographic projection and reconstruction procedure can be expressed in matrix form as 3 
yЈϭTy, ͑1͒
where y and yЈ represent the temporally Fourier transformed acoustic fields, e.g., pressure or velocity, on the hologram and reconstruction surfaces, respectively. The matrix T represents the NAH projection procedure relating the sound field on the hologram surface to that on the reconstruction surface. Equation ͑1͒ can be applied when all the hologram data are captured simultaneously. However, when data are measured over portions of the hologram aperture in sequence, it is necessary to use reference transducers to provide phase references. In the latter case, it is convenient to begin from a statistical description of the sound field, in which case the holographic procedure can be expressed as
where E denotes the expectation operator, the superscript H denotes the Hermitian transpose, and S yy and S y Ј y Ј are the cross-spectral matrices on the hologram and reconstruction surfaces, respectively. The reconstructed fields, in the magnitude sense, are then the diagonal terms of the cross-spectral matrix on the reconstruction surface.
Since the cross-spectral matrices in Eq. ͑2͒ comprise the auto-and cross spectra formed among the complete set of field signals on the hologram or reconstruction surfaces, the measurement and calculation of the cross-spectral matrices can be very time consuming given that a measurement may involve hundreds or thousands of field points. To simplify the hologram measurement and attendant calculation of the spectral matrices, a multireference method was developed. 3, 4 When the sound field is generated by a finite number of sources, the field signals can be expressed as a linear combination of a set of reference signals when the number of reference signals is equal to or larger than the number of sources and when the reference signals span the complete source signal space. In that case, the hologram cross-spectral matrix can be calculated indirectly when both the crossspectral matrix of a suitable set of reference signals and the cross spectra between the reference and field signals are known. 3 Once the complete hologram cross-spectral matrix is estimated using a multireference method, the hologram cross-spectral matrix must be decomposed into a set of coherent but mutually incoherent partial fields before the holographic projections can be performed: either SVD or partial coherence procedure may be used for that purpose. 2, 4 Note that the partial fields are not unique and that their natures depend on both the decomposition procedure and the reference microphone locations with respect to the sources. In general, the decomposed partial fields do not coincide with the physical partial fields radiated by the independent noise sources: the identified partial fields can themselves, however, be expressed as linear combinations of the physical partial fields.
As well as reducing the time taken to measure and compute the cross-spectral matrices, the multireference method has the advantage that it makes it possible to use a reduced set of scan microphones to measure the sound field on sectors of the hologram surface in sequence when the field can be assumed stationary. That is, the field signals are gathered step-by-step using a scanning microphone array that is smaller than the hologram aperture. During such a measure- FIG. 5 . Partial pressure fields at 1200 Hz ͑experiment with 9 by 1 microphone array͒: ͑a͒ first field without compensation; ͑b͒ second field without compensation; ͑c͒ first field with compensation; and ͑d͒ second field with compensation. ment, the location of the reference transducers must be fixed in space with respect to the various sources.
B. Source and signal relations
Here, the ''source'' signals are considered to be mutually uncorrelated signals that represent distinct physical source mechanisms. Next, assume that the total sound field generated by the collection of physical sound sources is completely sensed by a set of reference transducers: i.e., it is assumed that the number of references is equal to or larger than the number of sound sources and that one or more of the reference transducers measures a signal linearly related to each of the component sources. The reference and sound field signals can then be expressed as a linear combination of the source signals multiplied by appropriate acoustical transfer functions.
As an example, the sound field radiated by two independent sources operating simultaneously can be represented by the system model illustrated in Fig. 1 . 2 In Fig. 1 , g i j represents the transfer function between source j and reference i, g y j denotes the transfer function between source j and a field point, and h yi denotes the transfer function between reference i and the field point. Note that when representing the system in terms of source signals and transfer functions, the transfer functions, g i j and g y j , depend both on the geometry of the source and field point arrangement, and on the radiation characteristics of the sources: e.g., their directivity. Here, it is assumed that the physical sources' radiation characteristics are not affected by source-level fluctuations, and therefore remain constant through an entire holographic measurement: i.e., the transfer functions g i j and g y j are assumed to be the same during each scan. 
S ry ϭE͕ry
H ͖ϭG rs S ss G ys
H , ͑5͒
where S ry is the cross-spectral matrix between the reference and field signals and S ss is the source signal cross-spectral matrix which, under the conditions prescribed above, is diagonal ͑the diagonal components being the auto spectra of the source signals͒. By using Eq. ͑3͒, the reference spectral matrix can be also written as
S rr ϭE͕rr
H ͖ϭG rs S ss G rs
H , ͑6͒
where S rr is the reference cross-spectral matrix. Note that any source-level variation appearing in the source auto spectra on the right-hand side of Eq. ͑6͒ translates directly into variation of the reference cross-spectral matrix through the transfer function matrix, G rs .
C. Description of multireference NAH
The field signals on the hologram surface can be expressed as a linear combination of the reference signals multiplied by appropriate transfer functions: i.e.,
yϭH yr r, ͑7͒
where r is the reference signal vector, and H yr is the transfer matrix that relates the reference and field signals on the hologram surface. By multiplying each side by Eq. ͑7͒ by r H and then finding the expectation of the result, an equation for the latter transfer function matrix can be obtained: i.e.,
where the inverse of the reference cross-spectral matrix represents a generalized inverse to accommodate situations in which the reference cross-spectral matrix is rank deficient. Similarly, the cross-spectral matrix on the hologram surface can be expressed as S yy ϭH yr S ry . ͑9͒
By substituting Eq. ͑8͒ into Eq. ͑9͒, the hologram crossspectral matrix can be estimated by using the reference cross-spectral matrix in combination with the cross-spectral matrix relating the reference and field signals on the hologram surface: i.e., S yy ϭS ry H S rr Ϫ1 S ry . ͑10͒
Note that the cross-spectral matrix can be decomposed into any set of incoherent partial fields subject only to the condition that S yy ϭaa H , where a represents a partial field vector. From Eqs. ͑8͒ and ͑10͒, the partial field matrix, a, can be then represented as The SVD and partial coherence methods have been widely used for calculation of the partial field decomposition given in Eq. ͑11͒. In the SVD method, the reference cross-spectral matrix is decomposed by using SVD, and thus the partial fields can be represented as
where V is the unitary matrix and ⌳ is the diagonal matrix of singular values. The partial coherence method is based on the use of Cholesky decomposition 5 to separate the reference cross-spectral matrix into two parts, and in that case the partial fields are written as
where L is the lower triangular matrix and D is the diagonal matrix with pivots. The SVD procedure has been used in the experiments and simulations presented in this article.
D. Nonstationarity compensation for scan-based NAH
By substituting Eqs. ͑5͒ and ͑6͒ into Eq. ͑8͒, the transfer function matrix relating the reference and field signals can be expressed in terms of the source matrix and the associated transfer matrix: i.e., Note that the source cross-spectral matrix cancels out in this calculation and thus the transfer matrix between the reference and field signals is independent of source-level variation since the transfer matrices between the source and reference and field signals are themselves assumed to be independent of source level. Under these conditions, the reference cross-spectral matrix varies in direct proportion to the source level nonstationarity, as shown in Eq. ͑6͒, from one scan sector to the next, but the transfer function matrix appropriate for each scan is consistent even when the source levels vary. Based on the above considerations, the partial field matrix, Eq. ͑11͒, can finally be written in modified form as where the subscripts ͑step͒ and ͑avg͒ denote spectral matrix estimates calculated during each scan or averaged over all the scans, respectively. The partial field decomposition represented by Eq. ͑15͒ thus combines transfer functions estimated during each scan with reference information averaged over the complete measurement set to create a consistent set of partial fields. Given the above assumptions, nonstationary effects are suppressed in partial fields calculated using Eq. ͑15͒. For the purpose of comparison, the conventional partial field matrix without nonstationarity compensation is expressed here in terms of the estimates shown in Eq. ͑15͒: i.e., aϭS ry,͑step͒
III. EXPERIMENT AND NUMERICAL SIMULATION
An experiment was performed in an anechoic chamber to verify the compensation procedure described above. Two loudspeakers having different frequency characteristics were driven by independent white-noise sources ͑see Fig. 2͒ . A horizontal line array of nine microphones with a spacing of 0.0508 m was used to scan the hologram following the procedure indicated in Fig. 2 . The aperture thus comprised 32 subholograms and a total 18 by 16 field points. During the scanning, five reference microphones were fixed in front of the loudspeakers as shown in Fig. 2 . During each scan, the data record length was 512 points at a sampling rate of 4096 Hz and 20 linear averages were performed when estimating the various spectra; during the latter operations a 256-point overlap was used and a Hanning window was applied to each record. Note that the use of a relatively small number of averages in the spectral estimation, as here, may exaggerate the effects of nonstationarity and make the partial field separation less accurate.
A numerical simulation of the experiment was also performed: in this case, two monopole sources were located at the loudspeaker locations on the source plane. Two independent random signals were generated having almost identical levels. These signals were used as source signals during each scan after being scaled by randomly chosen source weights: i.e., the source strength was varied slightly from scan to scan to simulate source nonstationarity. For the purpose of qualitative simulation of the experiment described above, these 32 pairs of weights were randomly chosen so that the mean and standard deviation of the weights was approximately 0 and 1 dB, respectively. The equivalent stationary case was reproduced by setting all the source weights to be 0 dB. In addition to the simulation of the 9 by 1 microphone array, the case of a 9 by 4 microphone array was also simulated. The data obtained from both simulations were then processed as in the experimental case.
IV. RESULTS
To illustrate the spectral variance due to source level nonstationary, the mean and standard deviation of 32 reference auto spectra ͑i.e., one per scan͒ are plotted in Fig. 3 for the experimental and matching simulated results for the 9 by 1 microphone array case. Note that the standard deviation of the spectra was approximately 1 dB in both the experiment and the simulation. That is, the nonstationarity was relatively small, as in a well-controlled experiment. Figures 4-7 show partial pressure fields, calculated by using SVD, on the hologram surface for the 9 by 1 microphone array case: the partial fields labeled ͑a͒ and ͑b͒ were obtained without applying the nonstationarity compensation, while the compensation was applied to the partial fields labeled ͑c͒ and ͑d͒. It can be seen that the experimental results ͑Figs. 4 and 5͒ are consistent with the simulation results ͑Figs. 6 and 7͒: i.e., a spatial distortion in the shape of the line-field array is visible in the uncompensated results in all cases. Note that particularly in the 200-Hz case each partial field approximates the sound field radiated by one of the sources owing to the positioning of references directly in front of each source. However, there is still some leakage from the other source in each case: the leakage in particularly evident in the 1200-Hz case. By comparing Figs. 4͑a͒ and ͑c͒ for the first partial field at 200 Hz ͓or Figs. 4͑b͒ and ͑d͒ for the second partial field͔, it can be seen that the spatial noise resulting from source nonstationarity that is visible in Fig. 4͑a͒ ͓or Fig. 4͑b͔͒ is essentially eliminated in Fig. 4͑c͒ ͓or Fig. 4͑d͔͒ by application of the compensation. The same is also true for the experimental results at 1200 Hz ͑Fig. 5͒ and for the simulation results at 200 Hz ͑Fig. 6͒ and at 1200 Hz ͑Fig. 7͒. The simulation results for the 9 by 4 microphone array ͑Fig. 8͒ also clearly show a spatial noise pattern in the shape of the measurement array: that effect is again suppressed by the compensation procedure. FIG. 9 . Spatially averaged absolute difference between total power, resulting from squared summation of two partial pressure fields, of stationary simulation and total power of nonstationary simulation ͑solid line-with compensation and dashed line-without compensation͒: ͑a͒ 9 by 1 microphone array and ͑b͒ 9 by 4 microphone array.
Finally, the total power difference between the stationary and nonstationary simulations is shown in Fig. 9 . Here, the power difference ͑error͒ is written as
where f is the frequency, p i (x n ,y m ) is the ith partial pressure at (x n ,y m ), and the overbar denotes the stationary case. It can be seen that the source-level compensation reduces the spatial noise resulting from source nonstationarity by more than an order of magnitude at all frequencies.
V. CONCLUSIONS
Multireference, scan-based NAH has been formulated here by using a mathematical description that explicitly features the acoustic transfer functions between the references and the field points. It was thus possible to separate spectral matrices that should be calculated during individual scans from those that can safely be averaged over all scans. Based upon the present description, a procedure to compensate for source nonstationary was proposed. It was shown through both an experiment and a numerical simulation that the proposed procedure reduces the spatial noise resulting from source nonstationarity even when the standard deviation of the source levels was approximately 1 dB.
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